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Abstract 
For a self-map f of a given space X, we study the relations among the sequence of integers 
{L(fn)},,l,2,... that depend on properties of the space X, where L(f”) is the Lefschetz number 
of the n-iterate of f. 
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1. Introduction 
Let f : X -+ X be a self-map of a topological space X. The iterates off is the sequence 
of maps {f” :X + X},=i,2,.,, generated by f inductively as f’ = f, f” = f”-’ o f. 
Taking Lefschetz numbers then yields a sequence of integers {L(fn)},M=, that can be 
viewed as a sequence of numerical homotopy invariants associated with f. The classical 
Hopf-Lefschetz theorem tells that, generically, the number L(f”) is an algebraic count 
of the number of fixed points of f” [l]. 
A fixed point of f” is also known as an n-periodic point of f. Periodic point theory 
studies, for a given map f : X + X, the relations among points of different periods 
[2]. It is for this reason some author started the investigation into the universal relations 
which hold among the sequence of the integers {L(fn)}~yl [3-S] and such relations 
have all been determined by Dold [6]. As a step forward we propose the following 
Question. Given a topological space X, do there exist further relations among 
{L(fn)},,t,2,... for maps f : X + X that depend on properties of the space? 
’ Supported by NSFC 
0166-8641/95/$09.50 0 1995 Elsevier Science B.V. All rights reserved 
SD1 0166-8641(94)00048-8 
12 D. Huibuo / 7iphgy and ifs Applicutions 67 (1995) 71-79 
The following two well known facts suggest that some positive answers could possibly 
be obtained. 
Example 1. Let X be the unit disk in the n-dimensional Euclidean space. Then for all 
maps f:X +X, L(f) = L(f2) = ... = 1. 
Example 2. Let X be the &torus S’ x . . . x S’. For a map f : X + X, let A(f) be the 
homomorphism H’(X; Z) + H’(X; Z) induced by f. Then L(f”) = det(1 - A(f)n). 
Therefore if we let (~1,. . . , ak be the zeros of the polynomial det(t1 - A(f)), then 
L(f”) = Hi(l - cry). 
Example 2 will also serve the purpose to motivate what follows. 
2. A characteristic polynomial for self-maps of a space 
The idea is inspired by a previous work [8], where we associated with each self-map 
of a Lie group a polynomial, and it plays a role in studying some fixed point properties 
of self-maps of Lie groups. 
For a given space X consider the r-rational cohomology H’(X; Q), r > 0. An element 
2 E H’(X; Q) is said decomposable if some pairs of elements 
(xi, yi) E Hp(X;Q) x Hq’(X; Q), P, 4 > 0, P + q = r, 
can be found so that x = c xi v yi (where - stands for the cup product in H*(X; Q)). 
Let Dr(X) c HT(X; Q) be the subspace over Q consisting of all decomposable ele- 
ments. Then the quotient A’(X) = HT(X;Q)/DT(X) gives a vector space over Q. 
For a continuous map f from a space X into a space Y, the induced homomorphism 
f* : H”(Y;Q) -+ H’(X;Q) satisfies f*(D’(Y)) c D’(X). Thus passing to the quo- 
tients yields a homomorphism A’( f ) : A’ (Y) -+ A’(X) of vector spaces over Q. In short 
if one lets A(X), for a space X, be the graded vector space A’ (X)@A2(X)@. . . over Q, 
andlets A(f), foramap f:X + Y, tobethegradedhomomorphismA1(f)$A2(f)$..., 
one could say that A is a cofunctor from the category of topological spaces and contin- 
uous maps to the category of graded Q-vector spaces and graded homomorphisms. 
Definition. For a space X, the dimension of A(X) over Q will be called the rank of X. 
Let [X,X] be the set of all homotopy classes of maps X -+ X. It is endowed 
with a monoid structure by map composition. Assigning A(f) to f :X -+ X gives a 
representation 
[X, Xl -+ End(A(X)) 
in the sense that A(lx) = idA and A(f 0 g) = A(g) o A(f). 
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Definition. Let f be a self-map of a space X, and let I: A(X) -+ A(X) be the identity 
morphism. The polynomial 
det (t1 - A(f)) = n det (tl - A’(f)) 
?->I 
will be called the characteristic polynomial of f, and will be denoted by Af (t). The 
zeros of this polynomial, says Xt (j), X2(f), . . . , Xk(f), k = rank of X, will be called 
the eigenvalues of f. 
Note that taking the characteristic polynomial yields a correspondence [X, X] + Q[t]. 
The following property will be proved in Section 4. 
Theorem 1. If f is a self-map of a rank k space X, then Af(t) E Z[t]. Moreover if 
X is a space such that dim A’(X) is either 1 or 0 for all r 3 1, then the eigenvalues 
Xl(f), X2(f), . . . , Xk(f) off are all integers and 
k 
Af(t) = n (t - W)). 
3. Main result 
The Lefschetz number of a map f : X -+ X can be obtained from the ring endmor- 
phism f* E End(H*(X;Q)) [7]. H owever (at least we could say informally that) the 
transformation 
H*(X;Q) + A(X), f’ e A(f), 
introduced in the previous section has the effect of sorting out the ring generators for 
H* (X; Q) and highlighting the behavior of f* on those generators. Thus we could expect 
the whole sequence {L(fn)}r=, can be computed from A(f) by taking into consideration 
the ring structure of H*(X; Q). (Note that A(f”) = A(f)“.) 
To carry out such a strategy we restrict ourself to spaces whose rational cohomology 
has a simple system of odd dimensional generators. 
Definition. A connected topological space X is called rational exterior if some homo- 
geneous elements CZ~ E Hodd(X; Q), i = 1,2,. . , k, can be found so that the inclusions 
zi + H*(X;Q) give rise to a ring isomorphism (~Q(Q,x~, . . ,zk) g H*(X;Q). 
In addition X is called simple if the set of elements {xi}: can be so ordered that 
dim21 < dim22 < ... < dimzk. 
We give some concrete examples which indicates that a lot of familiar topological 
spaces are rational exterior. 
Examples. (1) Finite H-spaces, including all finite dimensional Lie groups are rational 
exterior. 
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(2) If X is a space that admits a filtration 
x 3 xi) 3 . . . 3 X,&l = {pt} 
so that each pi is a projection of an odd dimensional sphere bundle, then X is rational 
exterior. Such spaces range from products of odd dimensional spheres to the complex 
and quarternionic Stiefel manifolds. 
(3) The real Stiefel manifolds belong neither to (1) and (2) but many of them are 
rational exterior. 
(4) Among the above examples, semi-simple Lie groups and Stiefel manifolds are 
simple ones. 
Our main result is 
Theorem 2. Let f be a self-map of a rational exterior space, and let Af (t) be the 
characteristic polynomial off. Then L(f) = Af (1). 
According to this result we have L(fn) = det(Z - A(f)“). It implies that 
Corollary 1. Let f be a self-map of a rank k rational exterior space, and let X1, . , xk 
be the eigenvalues off. Then L( f “) = nF=, (1 - Xy). 
Remark. It seems likely that if f is a self-map of a rank Ic rational exterior space, then 
the whole sequence {L(f”)}zz is determined by its first Ic terms. 
Corollary 2. Ifm 1 n, then L(fm) j L(fn). 
Corollary 3. If L(f) = 0, then L(f”) = Ofor all n. 
Observe further that if the space X is simple, dim A’(X) is either 0 or 1 for all r 3 1. 
In view of Theorem 1 this implies that the eigenvalues of any map f :X + X are all 
integers. Thus Theorem 2 also implies that 
Corollary 4. Let f be a self-map of rational exterior simple space. 
(1) ZfL(fm) = 1 for some m > 1, then L(fn) = 1 for all n. 
(2) Zf L(f) # 0, then L(f’“+‘) # 0 for all n. 
(3) Zf L(f2) # 0, then L(fn) # Ofor all n. 
(4) VL(f) = P P IS rime, then L( f “) = (1 - 2n)’ (1 - (1 - p)“) for some I depending 
only on f, with 0 < 1 < the rank of X. 
A self-map f of a space X will be called homotopy cyclic if f” z Id: X + X for 
some positive integer 7~ and the minimal value of such 72’s will be called the order of f. 
Note that a homotopy cyclic map is also a homotopy equivalence. We prove that for a 
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homotopy cyclic self-map f of a rational exterior simple space the sequence {L(fn)},“_, 
has only two possibilities. 
Corollary 5. Let f be a homotopy cyclic self-map of a rational exterior simple space 
X. Then we have either 
(1) L(f) = L(f2) = ... = 0, or 
(2) L(f) = L(f3) = . . . = p, L(p) = L(f4) = . . . = 0, 
where X = the rank of X and (2) occurs only if the order off is even. 
Proof. Since f is a homotopy equivalence of a simple space, the eigenvalues of f take 
values in {-1,l). 
A result of Shub and Sullivan [9] says that if f is a C’ self-map of a closed differen- 
tiable manifold and if the sequence {L(P)},“=, IS not bounded, then the set of periodic 
points of f is infinite. A combination of this with our Theorem 2 gives results about the 
existence of infinitely many periodic points for a self-map of a rational exterior space. 
We give an exampIe. 
Corollary 6. Let f be a C’ self-map of a rational exterior simple mantfold M with 
L(f) #O. Vf h as an eigenvalue # 0, - 1, then f has injinite periodic points. 
Proof. Let cri , . . . , QA be the eigenvalues for f (A = the rank of M). Since M is simple, 
the cyi are all integers and since L(f) # 0, cq # 1 for all i. Moreover ok # 0, -1 for 
some /c indicates that lok 1 > 2. These imply that limk+, L( f 2k+‘) = 00 by Corollary 1. 
Given a self-map f of a compact Lie group G and an integer Ic E Z, consider the 
map kf :G + G defined by z c-) (f(z))“. It is provedin [8] that A(“f) = kA(f). This 
enables one to produce various self-maps of Lie groups having infinite many periodic 
points. 
Corollary 7. Let f be a C’ self-map of a compact Lie group G with A(f) # 0xXx (X = 
the rank of G). For any integer k with ) k( 3 2, k f h as infinite many periodic points. 
Proof. Since A((‘“f)“) = k”A(f)n and A(f) # 0xXx, we have 
iieWL((kf)n) = &-nW II- k”A(f)nl = 00. 
4. Proof of Theorem 1 
Similar to the construction of the cofunctor A in Section 2 we introduce, using integral 
cohomology, a cofunctor B from the category of topological spaces and continuous maps, 
to the category of graded free Z-modules and graded homomorphisms as follows. 
For a topological space X and an integer r > 0, consider the r-integral cohomology 
group H’(X). It contains a subgroup C’(X) additively generated by all r-dimensional 
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decomposable elements and finite order elements with quotient H’(X)/C’(X) a free 
Z-module. We let B’(X) = H’(X)/C(X), T > 0, and put 
B(X)=B’(X)$B2(X)$.... 
Consider now a continuous map f : X + Y. The induced homomorphism 
f* : IIT t H’(X) satisfies f*(C’(Y)) C f*(C(X)), T > 0. Passing to the quo- 
tients gives a homomorphism of a free Z-module F(f) : B’(Y) + B’(X). We let 
B(f) = B’(f) $ @(f) @ . ‘. 
The natural inclusion Z + Q induces a natural transformation i : H*(X) + H* (X; Q) 
that annihilates finite order elements and sends decomposable elements into decomposable 
ones. Passing to the quotients yields a natural transformation T : B -+ A which is grade 
preserving. 
Lemma 4.1. For any topological space X, 
T@l:B(X)@Q + A(X) 6x1 Q = A(X) 
is an isomorphism of graded vector spaces over Q. 
proof. By the universal coefficient theorem the natural transformation i @ I : H*(X) ~3 
Q + H* (X; Q) @ Q = H*(X; Q) is a grade preserving algebra isomorphism. However 
the corresponding quotient can be identified with T @ 1. 
We deduce from Lemma 4.1 that 
Lemma 4.2. For any space X, T: B’(X) + A’(X) is injective and rankz B’(X) = 
dimq A’(X) for all T 3 0. 
The cofunctor B provides also a representation [X,X] -+ End(B(X)) by assigning 
a self-map f : X + X the homomorphism B(f) an with respect to this representation d 
the characteristic polynomial Bf(t) = det(t1 - B(f)) has integer coefficients. 
Lemma 4.3. If X is a space of jinite rank, then for any self-map f : X + X we have 
Af (t) = Bf (0 
Proof. Choose a homogeneous basis zt , . , xk for B(X). With respect to this basis 
the endomorphism B(f) f f o a ree Z-module has a k: x Ic integral matrix representation. 
However, by Lemma 4.1, 21 8 1,. , xk 63 1 is a homogeneous basis for A(X) and 
with respect to this basis, the naturality of the transformation T @ 1 tells that the matrix 
representation of A(f) is the same as that of B(f). This proves Lemma 4.3. 
Now Theorem 1 is an easy consequence of Lemma 4.3. 
Proof of Theorem 1. Let f be a self-map of a rank k space X. By Lemma 4.3 Af (t) = 
Bf(t) E z[tllt I+‘. This proves the first statement of Theorem 1. 
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Assume further that X is a space with dim0 A’(X) = 0 or 1 for all T 3 1. By 
Lemma 4.2 we have rankz B’(X) = 0 or 1 for all r > 1. This implies that any matrix 
representation for B(f) is diagonalized and hence the zeros of the polynomial Bf(t) are 
all integers. Now the last statement of Theorem 1 follows also from Lemma 4.3. 
5. Proof of Theorem 2 
Assume throughout this section that X is a connected rational exterior space of finite 
rank k. Assume also that some homogeneous elements zi E Hodd(X; Q), i = 1,2, . . , k, 
have been specified so that the inclusions Q + H*(X; Q) give rise to an isomorphism 
of graded algebra AQ(z~, . . . , zk) + H*(X;Q). Let 1 E H’(X;Q) be the unit cocycle. 
We have obviously that 
Lemma 5.1. {xi} Ic is a vector space basis for A(X) and H = { 1, xi, - . . . - xi,. 1 
1 <it < ‘.. < i, < k} is a vector space basis for H*(X; Q). 
Consider the length function 1: H -+ (0, 1, . . . , k} defined by 1( 1) = 0, Z(zi, - . . - 
xi,) = T. Since dimzi G 1 mod 2 this function satisfies 
Lemma 5.2. For an a E H, (-l)dima = (-l)lca). 
Consider next the duality operator d : H + H defined by 
where 1 < jr < . .. 6 jk-, 6 k is the complement of the ordered sequence 1 < ir < 
. . . < i, < k in (I,2 ,..., k). W e introduce also a sign function s : H + {& 1) by 
letting s(5,, - . *. - Xi,) = the sign of the permutation (ir , . . , ir,jl,. . . ,jk_r). The 
following property can be easily verified in the exterior algebra A,Q(z~, . , xk). 
Lemma 5.3. of (LY, a) E H x H and if l(a) 3 l(d(P)), then 
a_p= (-1) s(a) XI -“‘-X/c, ifp=d(a), 
0, otherwise. 
For a self-map f of X applying the induced homomorphism f* : H*(X; Q) -+ 
H*(X; Q) to an o E H gives 
where X,, Xp E Q are uniquely determined by cr. According to Lemma 5.3 taking the 
cup product with d(a) on both sides of the above equality gives 
j*(a) -d(a) = (-l)“(a)&z, - ... - xk. 
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However the cohomological formula for the Lefschetz number of f asserts that [7] 
L(f) = c (-l)dima& = c (-I)+%,, 
CXEH CXEH 
where the second equality follows from Lemma 5.1. Thus we get 
L(f)X, - . - xk = c (-l)“(“)+Lq*(cY) - d(a). 
Note that the right-hand side can also be given as (51 - f*(xt)) - . . . - (xk - f*(xk)). 
So we obtain 
Lemma 5.4. The Lefschetz number L(f) satisjies the equality L(f)xl - . . . - xk = 
(a - f*(xl)) - ... - (xk - f*(ICk)) in H*(X;Q). 
We deduce from Lemma 5.4 that 
Lemma 5.5. L(f)xl - ... - Xk = (X1 - A(f)(X,)) - . . . - (Xk - A(f)(Xk)) 
Proof. Let H(r) denote the subspace of H* (X; Q) generated by those Q E H with 
2(a) 3 T. Note that H(r) = 0 if T 3 lc, and the cup product 
H(r) x H(P) 1 H*(X; Q) 
takes value in H(r + p). Observe further that if we let yi = f*(xi) - A(f)(xi), i = 
1 >“‘, Ic, then yi E H(2). It follows that 
(2, - f*(xt ,) - . . ’ - (xk - f*(xk)) 
-(XI - A(f)@,)) - .. . - (xk - A(~)(Q)) E H(k + 1) = 0 
in H*(X; Q). This proves Lemma 5.5. 
Proof of Theorem 2. An argument using linear algebra shows that 
(2, - A(f)(zt)) - . - (Q - A(f)(a)) 
= det (I- A(f))zl - . - xk. 
Combining this with Lemma 5.5 we get 
L(f)s, - . . . - xk = det (1 - A(f))xl - . . - zk. 
Observe that if we put m = dim 21 + . . + dim zk, then 51 - . - Xk is a generator 
for H”(X;Q) = Q. Thus the above equality implies that L(f) = det(l - A(f)). This 
completes the proof. 
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